A class of ninth degree system is studied and the conditions ensuring that its five singular points can be centers and isochronous centers (or linearizable centers) at the same time by exact calculation and strict proof are obtained. What is more, the expressions of Lyapunov constants and periodic constants are simplified, and 21 limit circles could be bifurcated at least.
Introduction
As we all know, it is difficult for planar polynomial differential systems to characterize their centers and isochronous centers. Hence, up to now the sufficient and necessary condition determining an isochronous center can only be found by making some appropriate analytic changes of coordinates which let the original system be reduced to a linear system. This kind of appropriate analytic change is very difficult to obtain, so only a handful of isochronous systems have been investigated. Several classes of known isochronous systems studied are as follows: quadratic isochronous centers (see [1] ); isochronous centers of a linear center perturbed by third, fourth and fifth degree homogeneous polynomials (see [2] [3] [4] ); complex polynomial systems (see [5] ); reversible systems (see [6, 7] ); and isochronous centers of cubic systems with degenerate infinity (see [8] ).
In [9] , a class of ninth degree system with four isochronous centers was investigated. In this paper, we consider the following ninth degree system: The paper is organized as follows. In Section 2, the preliminary methods to calculate the focal values (or Lyapunov constants) and period constants which are necessary in Sections 3 and 5 are presented. In Section 3, two appropriate transformations, changing system (1) to a class of Z4-equivariant fifth degree system in which the focal values are calculated, are provided. Based on it, the condition and proof that the infinity and four elementary singular points of (1) can be centers are gained. The bifurcations of 21 limit circles are the subject of Section 4. At last, in Section 5, the period constants with simpler expressions are given; moreover, the sufficient and necessary condition and proof are given to illustrate that the infinity and four elementary singular points of (1) become isochronous centers.
Some Preliminary Results
In [10, 11] , the complex system of complex center is
where
and the authors gave two recursive algorithms to determine necessary conditions for a center. We now restate the definitions and algorithms.
Theorem 1 (see [11] ). For system (3), we can derive successively the terms of the following formal series:
such that
where 00 = 1, for all ∈ , = 1, 2, . . ., and for any integer , is determined by the following recursive formulae:
Theorem 2 (see [12] ). For system (3), we can derive uniquely the following formal series:
where +1, = +1, = 0, = 1, 2, . . ., such that
and when − − 1 ̸ = 0, and are determined by the following recursive formulae:
and for any positive integer , and are determined by the following recursive formulae:
In the above expression, we have let 10 = 10 = 1, 01 = 01 = 0, and if < 0 or < 0, let = = = = 0.
Singular Point Quantities and Center Conditions
It can be easily checked that system (1) have four elementary critical points (±1, 0), (0, ±1) and the infinity. After introducing the method to calculate the focal values and period constants of system (1), we try to make some appropriate transformations so as to carry out our investigation.
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and time transformation
system (1) can be transformed into the following real system:
Then, the infinity and four elementary focuses (±1, 0), (0, ±1) of (1) become the origin and (±1, 0), (0, ±1) of system (14), respectively. Thus, we have the following theorems.
Theorem 3. System (14) is a class of Z4-equivariant differential polynomial system of fifth degree about point (−1, 0).
Proof. The system is invariant by the transformation of rotation
Then system (14) is a Z4-equivariant polynomial system about point (−1, 0). Now, we will consider the (0, 0) of system (14). Let
System (14) 
Remark (21) is symmetric with V axis.
System (14) is a class of Z4-equivariant differential polynomial system, so that the four symmetric elementary focus points of system (14) have the same topological structure; then they have the same center conditions and isochronous center conditions and so on. Without loss of generality, we only need to consider the case of (1, 0). 
By noting that
system (23) 
Then we can get the following theorem. 
System (30) has an integrating factor ( , ) = 1 
where (32) is symmetric with axis.
So we get the following theorem. 
Bifurcation of Limit Circles
So ̸ = 0. Applying the theory in [13] , the result is completed. In fact, there are 21 limit cycles for system (1); 5 limit cycles can bifurcate from each of the four fine focus points (±1, 0), (0, ±1) of System (1), and one limit circle could be created from the infinity at the same time; namely, 21 limit cycles can bifurcate from the system (1) in all. It is a very interesting result.
Period Constants and Isochronous Center Conditions
In this section, we focus on the calculation of period constants and isochronous center conditions of the origin and (1, 0) for system (17) and (25). According to Theorems 2, we begin by computing period constants through recursive formulae. Under the center conditions given in Section 3, we discuss three different relevant cases: (a) about the origin, case condition (20) holds. 
system (39) is reduced to a linear system. Thus, the origin of system (17) is a complex isochronous center.
(b) about (1, 0) of system (25). When condition (28) holds, substituting = (1/2)( 32 − 4 50 ), = 4 50 , into the recursive formulae in Theorem 2, we easily obtain the first two period constants 1 = − 32 − 2 50 32 − 4 50
Thus (1, 0) could not be an isochronous center when condition (28) holds. 
